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We study the stability of the Vainshtein screening solution of the massive/bi-gravity based on the
massive nonlinear sigma model as the effective action inside the Vainshtein radius. The effective
action is obtained by taking the Λ2 decoupling limit around a curved spacetime. First we derive
a general consequence that any Ricci flat Vainshtein screening solution is unstable when we take
into account the excitation of the scalar graviton only. This instability suggests that the nonlin-
ear excitation of the scalar graviton is not sufficient to obtain a successful Vainshtein screening in
massive/bi-gravity. Then to see the role of the excitation of the vector graviton, we study pertur-
bations around the static and spherically symmetric solution obtained in bigravity explicitly. As
a result, we find that linear excitations of the vector graviton cannot be helpful and the solution
still suffers from a ghost and/or a gradient instability for any parameters of the theory for this
background.
I. INTRODUCTION
The current acceleration of the Universe is one
of the biggest problems in the modern cosmology.
It has been proposed to explain this acceleration
with a modification of the theory of gravity from
general relativity (GR) at the infrared regime (see
[1–3] for reviews). However the modification of
the gravity is strongly constrained by Solar Sys-
tem tests of the gravity which agree with the pre-
dictions of GR. Hence the effect of the modification
of gravity must be screened at Solar System. One
natural theory with such a screening mechanism is
the massive gravity with a tiny graviton mass. In
short scales the massive graviton may behave as
a massless graviton, thus one expects the predic-
tion of GR can be recovered. However the linear
massive gravity [4] cannot be restored to the lin-
earized GR because of the non-vanishing fifth force
mediated by the scalar graviton [5, 6]. Vainshtein
then proposed that the linear approximation is no
longer valid inside the Vainshtein radius and the
fifth force could be screened by nonlinear interac-
tions, called the Vainshtein mechanism [7].
The Vainshtein mechanism has an important
role not only in the massive gravity but also in
some classes of the scalar-tensor theories which
have non-linear interactions [8–15]. However be-
cause of their nonlinear interactions, a general
analysis of the Vainshtein mechanism is quite com-
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plicated. Hence to discuss the Vainshtein mech-
anism, it should be useful to construct an effec-
tive theory from an original theory and discuss the
Vainshtein mechanism based on the effective the-
ory [16–19].
In this paper, we discuss an effective theory for
the Vainshtein mechanism from the nonlinear mas-
sive gravity [20, 21] and the bigravity [22] (see
[23–26] for reviews). The Vainshtein mechanism
in massive/bi-gravity has been discussed in [27–
47]. It is known that the nonlinear massive grav-
ity can be reduced into the scalar-tensor theory
with Galileon interactions by taking the Λ3 de-
coupling limit when the vector graviton is not ex-
cited in which there still exist scalar-tensor inter-
actions [20, 48] (see also [49, 50]). On the other
hand, one can take more direct decoupling limit
called Λ2 decoupling limit [51, 52] in which the ten-
sor fluctuations are decoupled from the scalar and
vector gravitons and the effective action for the
scalar and vector gravitons is given by the mas-
sive gravity nonlinear sigma model. The papers
[51, 52] discussed the Λ2 decoupling limit around
the Minkowski spacetime. Contrary to this, in the
present paper, we discuss the Λ2 decoupling limit
around a curved spacetime and obtain an effec-
tive theory inside the Vainshtein radius. Indeed
the solution obtained by the effective theory gives
an approximate solution inside the Vainshtein ra-
dius in the bigravity theory [47]. Then we study
the stability of the Vainshtein screening solution
based on the effective theory.
The paper is organized as follows. We derive the
effective theory for the Vainshtein mechanism from
2massive/bi-gravity in Section II. In Section III we
then study the dynamics of the scalar graviton
around general backgrounds and find a Ricci flat
spacetime generally suffers from a ghost and/or a
gradient instability. The instability is found when
we ignore the vector graviton, however perturba-
tions of scalar and vector gravitons are coupled
to each other, in general. Hence to complete the
stability analysis of the solution, we should include
perturbations of the vector graviton, which is stud-
ied in Section IV. We explicitly show that the static
and spherically symmetric solution is unstable. We
give a summary and some discussions in Section V.
II. EFFECTIVE ACTION INSIDE
VAINSHTEIN RADIUS
In this section, we show that massive gravity
nonlinear sigma model gives an effective theory of
the vector and scalar gravitons inside the Vain-
shtein radius for general massive/bi-gravity as long
as we have the Vainshtein screening solutions. Let
us start with the action [22] given by
S =
1
2κ2g
∫
d4x
√−gR(g) + 1
2κ2f
∫
d4x
√
−fR(f)
− m
2
κ2
∫
d4x
√−g
4∑
n=2
cnUn(γ) + S
[m] , (2.1)
where gµν and fµν are two dynamical metrics, and
R(g) and R(f) are their Ricci scalars. The inter-
actions between two metrics are given by
U2(K) = −1
4
ǫµνρσǫ
αβρσKµαKνβ ,
U3(K) = − 1
3!
ǫµνρσǫ
αβγσKµαKνβKργ , (2.2)
U4(K) = − 1
4!
ǫµνρσǫ
αβγδKµαKνβKργKσδ ,
with Kµν = δµν − γµν and γµν is defined by
γµργ
ρ
ν = g
µρfρν . (2.3)
The parameters κ2g = 8πG and κ
2
f = 8πG are the
corresponding gravitational constants, while κ is
defined by κ2 = κ2g + κ
2
f .
The matter action is assumed such that a matter
field can couple with either gµν or fµν :
S[m] = S[m]g (ψg, g) + S
[m]
f (ψf , f) . (2.4)
Notice that our set-up of the bigravity is so general
that it includes ghost-free massive gravity [20, 21]
as a special case. It is obtained by fixing f -
spacetime as the Minkowski one with the limit
κf → 0 [53].
In what follows we set c2 = −1, which guaran-
tees the parameter m corresponds to the graviton
mass propagating on the Minkowski vacuum1. We
also introduce four Stu¨eckelberg fields φa(x), with
which the metric fµν can be written by
fµν(x) =
∂φa
∂xµ
∂φb
∂xν
fab(φ
a(x)) , (2.5)
to see the dynamics of the vector and scalar gravi-
tons in a clear way.
It was shown in Refs. [51, 52] that in the case of
ghost-free massive gravity, about non-trivial vacua
gµν = ηµν +O(m2) , φa = φ¯a(x) 6= xa , (2.6)
and in the Λ2 decoupling limit, given by
m,κg, κf → 0 , Λ2 ≡
√
m/κg : finite , (2.7)
an interesting effective theory for φa, so-called the
massive gravity nonlinear sigma model described
by the following action
S
(0)
MG−NLS = −Λ42
∫
d4x
√−η
4∑
n=2
cnUn(γNLS) ,
(2.8)
γNLS
µ
ργNLS
ρ
ν = η
µρ(x)
∂φa
∂xρ
∂φb
∂xν
ηab(φ) . (2.9)
is obtained.
One interesting property with this massive grav-
ity nonlinear sigma model is that its strong cou-
pling scale is given by Λ2. This is higher than
Λ3 ≡ (m2/κg)1/3, considered as the highest pos-
sible strong coupling scale in ghost-free massive
gravity, coming from the analysis around the triv-
ial vacuum gµν = ηµν , φ
a = xa. Another interest-
ing property is that the vector and scalar modes
of graviton encoded in φa decouple with matter
1 In general, the ghost-free interactions include a constant
term U0 and a tadpole term U1(K). Although we drop
them in this paper, just for simplicity, including these
terms does not change our main conclusion.
3fields even in the linear regime, which does not
give vDVZ discontinuity and the Vainshtein mech-
anism is implemented automatically.
This suggests that as long as the Vainshtein
screening works, even if we start with more general
set-up described by Eq. (2.1), that is, not limiting
gµν and fab to flat, not neglecting the f -matter
fields, we can expect that the massive gravity non-
linear sigma model is obtained as an effective the-
ory inside the Vainshtein radius. Actually, if the
Vainshtein mechanism is working, the metrics can
be expressed by
gµν = g
GR
µν + κgδgµν , (2.10)
fab = f
GR
ab + κfδfab , (2.11)
where δgµν and δfab should be treated as pertur-
bations. The metrics gGRµν and f
GR
ab are assumed
to be solutions in GR with the matter actions S
[m]
g
and S
[m]
f , respectively, in order to remove the tad-
pole terms for δgµν and δfab in the Λ2 decoupling
limit2. Here, gGRµν (x) and f
GR
ab (φ) are determined
as functions of xµ and φa, respectively, from which
we can regard that gGRµν and f
GR
ab act as exter-
nal forces. Then with the undetermined variables
φa, δgµν , δfab, the action can be expanded as
S = SGR(δg) + SGR(δf)
+ SMG−NLS(φ
a; gGR, fGR) + Λ42O(κgδg, κfδf) .
(2.12)
where SGR are the perturbed actions for the met-
ric perturbations which are same as those in GR.
SMG−NLS is the action of the massive gravity non-
linear sigma model given by
SMG−NLS = −Λ42
∫
d4x
√−gGR
4∑
n=2
cnUn(γNLS) ,
(2.13)
which generalizes Eq. (2.13) with the following re-
placements:
κg → κ , ηµν → gGRµν , ηab → fGRab . (2.14)
One may worry that the tadpole terms of the
metric perturbations give the backreaction from
2 In the case of massive gravity, the f -metric can be
a generic metric rather than a GR solution since the
Einstein-Hilbert action for fµν is absent.
the Stu¨eckelberg fields to the spacetimes. Since the
background spacetimes are given by the solutions
in GR, they appear only through the interaction
terms between the Stu¨eckelberg fields and the met-
ric perturbations of order Λ42O(κgδg, κfδf). How-
ever, by taking the Λ2 decoupling limit given by
Eq. (2.7), the contributions form the tadpole terms
are negligible and then the Stu¨eckelberg fields and
the metric perturbations are decoupled. Then, in
this limit the Stu¨eckelberg fields are simply de-
termined by the massive gravity nonlinear sigma
model (2.13) and the spacetimes are completely
same as those in GR. Therefore the massive grav-
ity nonlinear sigma model with curved metrics is
the effective action of the Stu¨eckelberg fields as
long as the Vainshtein mechanism works and we
have the same solutions as in GR.
Indeed, the Vainshtein screening solutions can
be obtained by this effective action with curved
metrics. The Vainshtein mechanism for the static
and spherically symmetric spacetime is found with
the interior and the exterior Schwarzschild metrics
[47] (see also [42, 45]) and the cosmological Vain-
shtein mechanism is found with the Friedmann-
Lemaˆıtre-Robertson-Walker metric [46]. Although
we denoted the procedure of the Λ2 decoupling
limit just as the massless limit in these papers,
the limits used in [46, 47] are equivalent to the Λ2
decoupling limit shown above.
For simplicity, we do not introduce the f -matter
fields in this paper thus we can assume fGRab
is the Minkowski spacetime. In this case, the
Stu¨eckelberg field can be split as φa = δaµ(x
µ+πµ),
then fµν is expressed by
fµν = ηµν + 2∂(µπν) + ∂µπα∂νπ
α , (2.15)
where πµ is a vector field on the Minkowski space-
time. We shall discuss the action (2.13) as the
effective action inside the Vainshtein radius.
III. SCALAR MODE INSTABILITY:
GENERAL BACKGROUND
In this section, we show that the scalar graviton
generally suffers from a ghost and/or a gradient
instability when there is no vector graviton excita-
tion in the massive gravity nonlinear sigma model.
To see the existence of the instability, we assume
a weak gravitational field and ignore the vector
4graviton excitation:
gGRµν = ηµν + h
GR
µν , (3.1)
πµ = ∂µπ . (3.2)
In a similar way to the Λ3 decoupling limit [20],
the action can be expanded as
LMG−NLS = −Λ
4
2
2
hGR µν
(
X(1)µν + β2X
(2)
µν + β3X
(3)
µν
)
+O(h2GR) , (3.3)
where
β2 = c3 − 1 , β3 = −(c3 + c4) , (3.4)
and
X(1)µν = −
1
2!
ǫµ
αβγǫνα′βγΠ
α′
α
= [Π]ηµν −Πµν , (3.5)
X(2)µν = −
1
2!
ǫµ
αβγǫνα′β′γΠ
α′
α Π
β
β′
=
1
2
ηµν
(
[Π]2 − [Π2])+Π2µν − [Π]Πµν ,
(3.6)
X(3)µν = −
1
3!
ǫµ
αβγǫνα′β′γ′Π
α′
α Π
β′
β Π
γ′
γ
=
1
6
(
[Π]3 − 3[Π][Π2] + 2[Π3]) ηµν
−Π3µν + [Π]Π2µν −
1
2
([Π]2 − [Π2]) . (3.7)
Here, we have introduced the notation Πµν =
∂µ∂νπ,Π
nµ
ν = Π
µ
α2Π
α2
α3 · · ·Παnν and [Πn] =
Πnµµ. Note that, differently from the case of Λ3
decoupling limit, hGRµν has been already fixed and
it acts as an external force for the field π.
The field π can be split into the background con-
figuration π¯ and the perturbation δπ as
π = π¯ + δπ , (3.8)
with δπ ≪ π¯. π¯ is determined by the the equation
of motion
ǫαβγδǫµνρσR
(1)µν
αβ
× (δργδσδ + 2β2Π¯ργδσδ + β3Π¯ργΠ¯σδ)
= ǫαβγδǫµνρσ∂
µ
[
(∂βh
GRν
α − ∂αhGRνβ)
× (δργδσδ + 2β2Π¯ργδσδ + β3Π¯ργΠ¯σδ) ] = 0 ,
(3.9)
where
R
(1)
µναβ = ∂µ∂[βh
GR
α]ν + ∂ν∂[αh
GR
β]µ , (3.10)
is the linearized Riemann curvature and Π¯µν =
∂µ∂ν π¯. Then the quadratic order action for the
perturbation δπ is given by
L2 = −1
2
Zµν∂µδπ∂νδπ +O(h2GR) , (3.11)
where
Zµν = −Λ
4
2
4
ǫµαβγǫνα′β′γ′R
(1)α′β′
αβ
× (β2δγ
′
γ + β3Π¯
γ′
γ) . (3.12)
We note
Zµν = β2 × (Ricci curvatures)
+ β3 × Π¯× (Riemann and Ricci curvatures),
thus Zµν is identically zero for a Ricci flat space-
time when β3 = 0. For this case we should take
into account next order contributions of hGR. In
this paper, however, we restrict our analysis to the
case of β3 6= 0 and assume Zµν is not zero.
The no-ghost and no-gradient instability condi-
tion is given by the signs of eigenvalues of Zµν are
[−,+,+,+], which is equivalent to all eigenvalues
of Zµν are positive. Hence we obtain
Zµµ > 0 , (3.13)
as a necessary condition of no-instabilities. How-
ever we obtain
Zµµ ∝ Ricci curvatures .
Since the sum of the eigenvalues is zero for any
Ricci flat spacetime, there is at least one negative
eigenvalue of Zµν , which leads a ghost instabil-
ity or a gradient instability. As a result a ghost
and/or a gradient instability appears for any Ricci
flat background.
For instance, the static and spherically symmet-
ric solution is given by
hGRtt =
2GM
r
, hGRrr =
2GM
r
, others = 0 , (3.14)
∂µπ¯ = (0, rµ(r), 0, 0) , µ = ± 1√
β3
+O(GM/r) .
(3.15)
5Then the matrix Zµν is given by
Zµν =
GM
√
β3
r3
× diag
[
0,∓2,± 1
r2
,± 1
r2 sin2 θ
]
.
(3.16)
Hence the gradient instability appears from either
the radial or the angular derivatives. Note that,
since the (tt)-component of Zµν is zero at leading
order of GM/r, it seems that the scalar graviton
is infinitely strong coupled. However the kinetic
term indeed appears at the next order of GM/r
and our effective action does not lose any degrees
of freedom as we will see in the next section.
Since the bigravity theory contains degrees of
freedom of the vector graviton as well as one of the
scalar graviton and these are coupled to each other
in a general background, one cannot directly con-
clude the Vainshtein screening solution is unstable
in a Ricci flat background spacetime. Therefore we
shall discuss general perturbations including vector
gravitons around the static and spherically sym-
metric background in the next section. Regard-
less of this, our result suggests that the Vainshtein
screening solutions cannot be supported only by
the scalar graviton and the excitation of the vec-
tor graviton has to be taken into account.
Note that our result can be also straightfor-
wardly applied to the Horndeski theories, which
was discussed in [17]. Based on the effective ac-
tion for the Vainshtein mechanism, the paper [17]
showed the static and spherically symmetric solu-
tion with the Vainshtein screening is unstable as
long as the Horndeski theory includes so-called L5
term. Actually, for the case of Horndeski theory,
although other terms appear in the effective action,
they are shown to be sub-dominant if we assume
that the Vainshtein screening is working, which
gives the same action as (3.11) (see Appendix A).
IV. INSTABILITY OF STATIC AND
SPHERICALLY SYMMETRIC SOLUTION
In the previous section, we have shown that
the Vainshtein screening solutions cannot be sup-
ported only by the excitation of the scalar gravi-
ton. However since the massive gravity nonlinear
sigma model contains the degrees of freedom of the
vector graviton as well, one cannot still conclude
the solution is indeed unstable. In this section,
thus, we study the general perturbations around
the static and spherically symmetric solutions with
Vainshtein screening given by [42, 45, 47] in which
there exists only the scalar graviton in the back-
ground solution. For simplicity, we only focus on
outside the source (r > R⋆ > 2GM) thus the g-
spacetime is given by Schwarzschild spacetime. We
choose the spherical coordinate
gGRµν = diag[−F 2g , F−2g , r2, r2 sin2 θ] , (4.1)
ηµν = diag[−1, 1, r2, r2 sin2 θ] , (4.2)
with F 2g = 1− 2GMr where M and R⋆ is a gravita-
tional mass and a radius of the star, respectively.
First we give the static and spherically symmet-
ric solution. The solution can be found by assum-
ing the Stu¨eckelberg field as
πµ = π¯µ = (0, rµ(r), 0, 0) . (4.3)
The basic equation can be derived by varying the
action with respect to µ. Then the solution is given
by
µ =
−(1− Fg)(β2 − 2β3) + ǫ
√
(β2 − 2β3)2(1− Fg)2 + β3(1 + Fg)(4β2 − 1 + (3 − 4β2)Fg)
β3(1 + Fg)
=
ǫ√
β3
+O(GM/r) , (4.4)
where ǫ = ±1. Note that although β2 and β3 are
originally free parameters, it was shown that this
solution exists only for β3 > 1 with some other con-
straints on β2 and β3 in bigravity [45, 47]. Note
also that, although the solution (4.4) with the met-
rics (4.1) and (4.2) is obtained by the effective
action (2.13), this solution is indeed the approx-
imate solution deep inside the Vainshtein radius in
the bigravity theory [47]. Here the minus branch
(ǫ = −1) is the asymptotically flat branch. On the
6other hand the plus branch (ǫ = 1) is not regular
in general, however the plus branch can describe a
regular asymptotically AdS solution when we in-
troduce a negative cosmological constant.
We shall study the stability of this solution.
Since the background spacetime is spherically sym-
metric, perturbations can be decomposed into odd
parity perturbations and even parity perturba-
tions, that is,
πµ = π¯µ + δπ
odd
µ + δπ
even
µ . (4.5)
These perturbations are decoupled at the linear
order equation of motion (or equivalently at the
quadratic order Lagrangian). Hence we separately
discuss the odd and even parity perturbations, in
order.
A. Odd parity perturbations
First we discuss the odd parity perturbations.
Because of the spherical symmetry of the back-
ground solution, we can separate the variables and
then xi = (θ, ϕ) dependence can be expanded in
terms of the vector spherical harmonics Yi, which
is defined by
[D2 + ℓ(ℓ+ 1)− 1]Yi = 0 , (ℓ = 1, 2, · · · ) , (4.6)
DiYi = 0 . (4.7)
Here, Di is the covariant derivative on the 2-sphere
and D2 = DiD
i. The explicit form of Yi is given
by
Yi = ǫijD
jY , (4.8)
where ǫij is the Levi-Civita tensor and Y is the
spherical harmonics satisfying
[D2 + ℓ(ℓ+ 1)]Y = 0 , (ℓ = 0, 1, 2, · · · ) . (4.9)
By using the vector harmonics, the perturbation
of the Stu¨eckelberg field is expressed by
δπoddµ = (0, 0, rχΩYi) , (4.10)
where χΩ is a function of (t, r).
The quadratic order action is given by
Sodd =
∫
r2dtdrdΩ
Λ42
4
(
√
β3 + ǫβ2)
[
4
2
√
β3 + ǫ
χ˙2Ω −
1√
β3 + ǫ
(
χ′Ω
2 +
ℓ(ℓ+ 1)
r2
χ2Ω
)]
YiY
i +O(GM/r) ,
(4.11)
where a dot and a prime denote the time deriva-
tive and the radial derivative, respectively. Since
each eigenmode of the harmonics does not couple
with the other eigenmodes, we drop the summa-
tion sign. The stability condition (no-ghost and
no-gradient instability) is given by√
β3 + β2 > 0 . (4.12)
for the plus branch, while for the minus branch the
condition is √
β3 − β2 > 0 . (4.13)
B. Even parity perturbations
Next we consider the even parity perturbations.
By using the spherical harmonics, the perturbation
of the Stu¨eckelberg field is expressed by
δπevenµ = (ξtY, ξrY, rξΩDiY ) , (4.14)
where ξt, ξr and ξΩ are functions of (t, r). Note
that for the ℓ = 0 mode, the variable ξΩ is unde-
fined because DiY = 0. Hence we should discuss
ℓ = 0 mode and ℓ ≥ 1 modes, separately.
1. Radial perturbation (ℓ = 0)
For ℓ = 0, the spherical harmonics is simply
given by Y |ℓ=0 = 1/
√
4π. The quadratic order
action can be schematically expressed by
Sℓ=0 = Sℓ=0(ξ˙r , ξ
′
t, ξ
′
r, ξt, ξr) , (4.15)
from which ξt is non-dynamical and it can be inte-
grated out. The variation with respect to ξt yields
a constraint equation
7∂t
[
2rF−1g (Fg − 1)(β2 + β3µ)ξr
] − ∂r
[
r2Fg(1 + 2β2µ+ β3µ
2)(F 2g ξ
′
t − ξ˙r)
1 + F 2g (r + rµ)
′
]
= 0 , (4.16)
where the solution is given by
ξ′t = −2GM(β2 + ǫ
√
β3)
[
Ξ˙′
2rFg(Fg − 1)(β2 + β3µ) +
1 + F 2g (r + rµ)
′
r2F 3g (1 + 2β2µ+ β3µ
2)
Ξ˙
]
, (4.17)
ξr = −2GM(β2 + ǫ
√
β3)
Fg
2r(Fg − 1)(β2 + β3µ)Ξ
′ , (4.18)
with some function Ξ(t, r). Here the factor is in-
troduced so that ξt and ξr can be expressed by
ξt = Ξ˙ +O(GM/r) , (4.19)
ξr = Ξ
′ +O(GM/r) , (4.20)
at the leading order of GM/r. Then the quadratic
action is expressed by
Sℓ=0 = Λ42
∫
r2dtdr
[
KtΞ˙
2 −KrΞ′2
]
, (4.21)
where
Kt = −ǫ
(
GM
r
)2
3
√
β3(β2 + ǫ
√
β3)
r2
+O
((
GM
r
)3)
(4.22)
Kr = −ǫGM
r
√
β3
r2
+O
((
GM
r
)2)
. (4.23)
Note that, while the gradient term appears at the
first order of GM/r (i.e., the first order of the met-
ric perturbation around the Minkowski spacetime),
the kinetic term appears at the second order of
GM/r. Hence the scalar graviton is not infinitely
strong coupled although the propagation speed is
superluminal.
From the second order action, we can see that
the plus branch suffers from the gradient instabil-
ity. Even for the minus branch, the stability con-
dition is given by
β2 −
√
β3 > 0 , (4.24)
which has a sign opposite to the stability condi-
tion of the odd parity perturbations. As a result
we conclude that the static spherically symmetric
solution is unstable for any parameters of β2 and
β3.
2. General modes (ℓ ≥ 1)
Although we have shown the instability of the
background solution, we discuss general modes of
the even parity perturbations for completeness.
The quadratic action can be expressed by
Seven =
∫
Y 2dΩ
∫
dtdrLeven(ξ˙r , ξ˙Ω, ξ′A, ξA) ,
(4.25)
where A = (t, r,Ω), thus ξt is a non-dynamical
variable, same as the case of ℓ = 0 mode. However,
contrary to the case of ℓ = 0 mode, the constraint
equation, which is derived by the variation with
respect to ξt, is not easily solved. We notice how-
ever that the constraint equation has a particular
solution
δπevenµ = ∂µ(Ξ(t, r)Y (θ, ϕ)) +O(GM/r) , (4.26)
in which there is no degree of freedom of the vec-
tor graviton. Since the stability of the case of the
purely scalar graviton has already been discussed
in the previous section, we shall not discuss this
case furthermore here.
To discuss the stability of the general pertur-
bations, we use the Hamiltonian formulation and
calculate the on-shell Hamiltonian. The canonical
momenta are defined by
πA =
δLeven
δξ˙A
, (4.27)
Since the Lagrangian does not contain ξ˙t, there is
a primary constraint
Φ1 := πt ≈ 0 , (4.28)
where the symbol “≈” is the weak equality which
holds on shell. ξ˙r and ξ˙Ω can be expressed in terms
8of canonical variables. Then the total Hamiltonian
is given by
HevenT = πr ξ˙r + πΩξ˙Ω − Leven + λπt
= Heven[πr, πΩ, ξA] + λπt (4.29)
where λ is the Lagrangian multiplier. The preser-
vation of the primary constraint yields
Φ2 := {Φ1, HevenT } ≈ 0 , (4.30)
where
HevenT =
∫
drHevenT . (4.31)
Note that since Φ2 contains only ξt, πr, πr
′, πΩ, the
secondary constraint Φ2 ≈ 0 is the constraint equa-
tion on the canonical variables, from which we can
easily express ξt in terms of πr, π
′
r, πΩ. This system
has only these two constraints. Indeed, the condi-
tion {Φ2, HevenT } ≈ 0 contains the Lagrangian mul-
tiplier λ and it does not generate a constraint equa-
tion, but a equation to determine the Lagrangian
multiplier. As a result, we have two constraint
equations on the canonical variables which are sec-
ond class. Hence the degree of freedom of this sys-
tem in the phase space is
d.o.f. = 6− 2 = 2× 2 ,
which indicates that the even parity perturbations
contain one scalar graviton and one vector gravi-
ton.
Substituting the solutions of constraint equations into the Hamiltonian, the on-shell Hamiltonian is
given by
Hevenon−shell =
∫
drHevenon−shell(πr, π′r, πΩ, ξr, ξΩ, ξ′Ω) ,
=
∫
drΛ42
[K1
r2
(πr + A1πΩ)
2 +
K2
r2
(rπ′r +A2πΩ)
2 +
K3
r2
π2Ω
+K4(ξΩ +A4ξr)
2 +K5(rξ
′
Ω +A5ξr)
2 +K6ξ
2
r
]
, (4.32)
where the dimensionless coefficients are expanded as
K1 = ǫ
B1
48β
3/2
3 (β2 + ǫ
√
β3)
+O
(
GM
r
)
, (4.33)
K2 = −ǫ
(
GM
r
)−2
1
12
√
β3(β2 + ǫ
√
β3)
+O
((
GM
r
)−1)
, (4.34)
K3 = −ǫ
(
GM
r
)−2 √
β3(1− 2ǫ
√
β3)
2
3B1(β2 + ǫ
√
β3)
+O
((
GM
r
)−1)
, (4.35)
K4 = −ǫℓ(ℓ+ 1)GM
r
B2
16
√
β3(ǫ +
√
β3)2
+O
((
GM
r
)2)
, (4.36)
K5 = ǫℓ(ℓ+ 1)
β2 + ǫ
√
β3
4(ǫ+
√
β3)
+O
(
GM
r
)
, (4.37)
K6 = ǫℓ(ℓ+ 1)
(
GM
r
)−1√
β3B−12 (β2 + ǫ
√
β3)
2 +O(1) , (4.38)
9and
A1 =
(
GM
r
)−1
4β3B−11 (1− 2ǫ
√
β3) +O(1) , (4.39)
A2 = −1 +O
(
GM
r
)
, (4.40)
A4 =
(
GM
r
)−1
4
√
βgB−12 (ǫ+
√
β3)(β2 + ǫ
√
β3) +O(1) , (4.41)
A5 = −1 +O
(
GM
r
)
(4.42)
with
B1 := β2 + 8β3 − 4β2β3 + ǫ
√
β3(4β3 − 3) , (4.43)
B2 := β22(1 − 4β3) + β3(5 + 4β3)− 4β2β4 + 2ǫ
√
β3(6β3 − β2(1 + 4β3)) (4.44)
One can find K1K3 < 0 and K4K6 < 0 for any parameters (β2, β3), thus the Hamiltonian is unbounded
from the below, which means that the perturbations suffer from the instability.
V. SUMMARY AND DISCUSSION
In this paper, we showed that the massive grav-
ity nonlinear sigma model gives an effective theory
of the vector and scalar gravitons inside the Vain-
shtein radius for general massive/bi-gravity. We
obtained the effective action by taking the Λ2 de-
coupling limit around a curved spacetime and it
can be used as long as we have the Vainshtein
screening solutions. Making use of the massive
gravity nonlinear sigma model as the effective ac-
tion inside the Vainshtein radius, we studied the
stability of the Vainshtein screening solutions in
massive/bi-gravity.
First we derived a general consequence that in
any Ricci flat background spacetime, the scalar
graviton generally suffers from a ghost and/or a
gradient instability as long as the vector gravi-
ton is not excited. Since the spacetime is given
by a solution in GR, the Ricci flat region is real-
ized by the vacuum region of the spacetime, thus
the instability is found outside the source. How-
ever since the massive/bi-gravity contains the vec-
tor graviton and the perturbations of scalar and
vector gravitons are coupled, one cannot directly
conclude that the Ricci flat Vainshtein screening
background spacetime is indeed unstable.
Hence we studied perturbations around the
static and spherically symmetric solution obtained
in Ref. [47] next. We clarified the stability con-
dition for both odd parity perturbations and even
parity perturbations, which depends on β2 and β3,
model parameters in the massive gravity nonlinear
sigma model as well as ǫ, a parameter depending
on the asymptotic behavior of the background so-
lution. As a result, for any parameters (β2, β3, ǫ),
we found that the perturbations suffer from some
of the instabilities and confirmed that the Vain-
shtein screening background solution is unstable.
We have shown the (local) instability of the
spherically symmetric solution in the space region
outside the star. In addition, the instability of a
black hole solution was shown in [54, 55] (see also
[56–59]). Note that our background solution com-
pletely differs from the background solution dis-
cussed in [54, 55]. For the black hole solution, both
metrics are given by same Schwarzschild metric (or
Kerr metric) in which the Stu¨eckelberg fields are
not excited, i.e., φa = xa. One may expect that
there exists a stable hairy black hole supported by
hair of the Stu¨eckelberg fields. However, our result
suggests that a scalar graviton hair is not helpful
for supporting astrophysical objects. In particular,
existence of a spherically symmetric hairy black
hole is unlikely as numerically shown in [60].
The instability implies a difficulty to construct
viable astrophysical objects in the context of
massive/bi-gravity. The universality of the insta-
bility suggests that the Vainshtein screening could
not be realized only by the scalar graviton. To ob-
tain a stable solution with the Vainshtein screen-
ing, the vector graviton has to be nonlinearly ex-
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cited in a vacuum region of the spacetime. There-
fore it is also important to study the property of
the vector graviton in more general spacetimes for
the Vainshtein mechanism in massive/bi-gravity.
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Appendix A: Scalar mode instability in the
Horndeski theory
In this appendix we briefly discuss the stabil-
ity of the Vainshtein mechanism in the Horndeski
theory, the most general scalar-tensor theory in
the sense that its equation of motion contains up
to the second derivative of the fields. The effec-
tive theory for the Vainshtein mechanism around
the Minkowski spacetime [17] is given by the La-
grangian
L =− 1
4
hµνEµν,αβhαβ +
5∑
n=2
α˜n
Λ
3(n−2)
3
Lgaln
− 1
2
3∑
n=1
β˜n
Λ
3(n−1)
3
hµνX(n)µν +
1
2Mpl
hµνT
µν ,
(A1)
where
Lgal2 = −
1
2
(∂π)2 , (A2)
Lgal3 = −
1
2
(∂π)2[Π] , (A3)
Lgal4 = −
1
2
(∂π)2([Π]2 − [Π2]) , (A4)
Lgal5 = −
1
12
(∂π)2([Π]3 − 3[Π][Π2] + 2[Π3]) , (A5)
and X
(n)
µν are defined by Eqs (3.5)-(3.7). The di-
mensionless coefficients α˜n and β˜n are determined
by the Horndeski action which are assumed to be
order unity. Λ3 is a parameter with the mass di-
mension which decides the strong coupling scale.
Note that, only in this appendix, the scalar field
π and the metric perturbation hµν are normalized
to be mass dimension one. When the L5 term in
Horndeski theory is non-zero, the parameter β˜3 is
generally non-zero which we assume here (see [17]).
We assume the existence of the Vainshtein
screening solution in the spacetime region such as
∂∂h ≫ Λ33 thus the metric perturbation is locally
approximated by a solution of GR. We also assume
the scalar field is split into some nonlinear expec-
tation value and a fluctuation: π = π¯ + δπ with
π¯ ≫ δπ. Then, the linearized Einstein equation is
given by
Eµν,αβhαβ +
3∑
n=1
β˜n
Λ
3(n−1)
3
hµνX(n)µν (π¯) =
1
Mpl
Tµν .
(A6)
When the Vainshtein mechanism works (i.e., the
metric perturbation is approximated by the solu-
tion of GR), the metric perturbation and the scalar
field should satisfy the following inequalities:
∂∂h≫ ∂∂π¯ , 1
Λ33
(∂∂π¯)2 ,
1
Λ63
(∂∂π¯)3 . (A7)
The quadratic Lagrangian for the scalar fluctua-
tion is given by
L2 = −1
2
(Zµνgal + Z
µν
h )∂µδπ∂νδπ , (A8)
where
Zµνgal = α˜2η
µν +
3∑
n=1
α˜n+2
Λ3n3
X(n)µν(π¯) , (A9)
Zµνh = −
Mpl
4Λ33
ǫµαβγǫνα′β′γ′R
(1)α′β′
αβ(h)
×
(
β˜2δ
γ′
γ +
β˜3
Λ33
Π¯γ
′
γ
)
. (A10)
with the linearized Riemann curvature
R(1)α
′β′
αβ(h) ∼ ∂∂h/Mpl. The inequalities
(A7) and ∂∂h≫ Λ33 suggest
Zµνgal ≪ Zµνh , (A11)
which means that the discussion in Section III can
be applied to the case of the Horndeski theory and
then the fluctuation δπ suffers from a ghost and/or
a gradient instability.
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